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Abstract

Using the notions of frame transform and of square integrable projective
representation of a locally compact group G, we introduce a class of isometries
(tight frame transforms) from the space of Hilbert—Schmidt operators in the
carrier Hilbert space of the representation into the space of square integrable
functions on the direct product group G x G. These transforms have remarkable
properties. In particular, their ranges are reproducing kernel Hilbert spaces
endowed with a suitable ‘star product’ which mimics, at the level of functions,
the original product of operators. A ‘phase space formulation’ of quantum
mechanics relying on the frame transforms introduced in the present paper,
and the link of these maps with both the Wigner transform and the wavelet
transform are discussed.

PACS numbers: 03.65.Ca, 03.65.Ta, 03.65.Wj, 02.20.Qs

1. Introduction

The formulation of quantum mechanics ‘on phase space’ dates back to the early stages of
development of quantum theory. As is well known, the foundations of this elegant formulation
have been laid by E Wigner in his 1932 celebrated paper [1], with the aim of exploring the
quantum corrections to classical statistical mechanics. Strictly related to Wigner’s work are
the pioneering studies of H Weyl on quantization [2]. On one hand, Wigner was interested
in associating with a quantum state a suitable phase space ‘quasi-probability distribution’
(association that leads to the Wigner transform). On the other hand, Weyl aimed at associating
with a classical observable—a function on phase space—a quantum observable in such a way
to overcome the ambiguities related to the ‘operator ordering’ (association that leads to the

1751-8113/08/285304+40$30.00 © 2008 IOP Publishing Ltd Printed in the UK 1


http://dx.doi.org/10.1088/1751-8113/41/28/285304
mailto:paolo.aniello@na.infn.it
mailto:manko@na.infn.it
mailto:marmo@na.infn.it
http://stacks.iop.org/JPhysA/41/285304

J. Phys. A: Math. Theor. 41 (2008) 285304 P Aniello et al

Weyl map). These procedures can be regarded as the two ‘arrows’ of a unique theoretical
framework that we may call the ‘quantization—dequantization theory’. This subject is a richly
branched, old—but still extremely vital—tree. Since it is really huge, we will not attempt
at giving even a brief overview; the reader may consult the collection of papers [3] (and the
bibliography therein) as a general reference on the subject.

It is also worth mentioning the fact that, quite recently, the impressive progress of
experimental techniques—as well as the need of gaining a deeper understanding of some
fundamental (and controversial) aspects of quantum mechanics—have motivated a renewed
interest in the description of quantum states by means of phase space functions, the so-called
‘quantum state tomography’ or simply ‘quantum tomography’; see, e.g. [4-9].

There is a deep link between the quantization—dequantization theory (including the
formalism of quantum tomography) and another huge research area—mainly focused on
applications to signal analysis—which we may globally call ‘(generalized) wavelet analysis’.
The main mathematical tool in wavelet analysis is that of frame [10], a notion that will
play a central role in the present paper. Again, we will make no attempt at providing an
overview on this vast and interesting subject; we will then refer the reader to the excellent
references [11-14]. It is a remarkable fact that several issues, concepts and techniques can
be translated ‘from one language into another’—from quantum theory into signal analysis
and vice versa—opening the way to new insights (see, e.g. [15]). Several anticipations of the
unified framework encompassing the quantization—dequantization theory and wavelet analysis
were already present in the pioneering work of Klauder (and his co-authors), who introduced
a ‘continuous representation theory’ [16, 17], and of Cahill and Glauber [18].

It turns out that, from the mathematical point of view, the main trait d’union between the
two mentioned subjects is the remarkable notion of square integrable representation [19-22].
In fact, using this invaluable mathematical tool, one is able to perform all the fundamental
tasks of the quantization—dequantization theory and of generalized wavelet analysis:

e to define generalized families of coherent states (covariant frames), see [11, 12, 23];
in particular, the standard family of coherent states of Schrodinger [24], Glauber [25],
Klauder [16] and Sudarshan [26];

e to obtain ‘discretized frames’ from the covariant frames; see, e.g. [27, 28];

e to define suitable—in the manner of Weyl-Wigner—quantization—dequantization maps;
see, e.g. [11, 12, 29, 30].

The aim of the present paper is to reconsider the previously mentioned link between
the quantization—dequantization theory and the generalized wavelet analysis. In fact, we
believe that to a renewed interest in this area of research should correspond a renewed study
of its conceptual and mathematical foundations. As we will try to show, this study leads,
in a quite natural way, to the definition of a certain class of ‘frame transforms’ associated
with square integrable representations. These transforms are isometries mapping a space
of Hilbert—Schmidt operators (which is, obviously, a Hilbert space) onto a space of square
integrable functions having remarkable properties. More precisely, given a square integrable
projective representation U of a locally compact group G in a Hilbert space H and a (suitable)
Hilbert—Schmidt operator 7' in H, one can associate with 7 an isometry ®; mapping B, (H)
(the space of Hilbert—Schmidt operators in H) into L%(G x G) (the Hilbert space of square
integrable C-valued functions on the direct product group G x G, with respect to the left Haar
measure). As will be shown, the isometry ®; has remarkable properties that can be regarded
as direct consequences of the fact that ®; is a frame transform; in particular:

(i) Therange Ran(® ;) of the isometry ® ; is a ‘reproducing kernel Hilbert space’ embedded
inL?(G x G).



J. Phys. A: Math. Theor. 41 (2008) 285304 P Aniello et al

(i1) The image, through the isometry ®;, of the product of operators in B,(H) is a ‘star
product of functions’ in Ran(® ).

(iii) The standard expectation value formula of quantum mechanics—(A) b= tr(Ap), where
A and p are, respectively, a bounded selfadjoint operator and a density operator in H—
admits, in this framework, a suitable expression in terms of C-valued functions ‘on phase
space’.

The adjoint Q; of the isometry 4, like the Weyl map, has a simple integral expression and
can be regarded as a ‘quantization map’.

The paper is organized as follows. In section 2, we discuss the notion of ‘frame transform’
and its main consequences. In section 3, we briefly review the definition of the Wigner
distribution and its relation with projective representations. Next, in section 4, we recall the
basic properties of square integrable projective representations, tools that are fundamental for
the definition of the (generalized) Wigner transform and of its reverse arrow, the (generalized)
Weyl map, see section 5; we will also argue that the generalized Wigner transform is not, in
general, a frame transform. Our analysis will culminate in the introduction of the class of frame
transforms mentioned before—section 6—and in the discussion of the main consequences from
the point of view of quantum mechanics, see section 7. In section 8, we consider a remarkable
example that allows us to show the link of our results with the formalism of s-parametrized
quasi-distributions developed by Cahill and Glauber [18]. Eventually, in section 9, a few
conclusions are drawn.

2. Frame transforms and star products

In this section, we will introduce the mathematical notions of ‘frame’ and of ‘frame transform’
that will be central in the following. In particular—in the present section and later, on the base
of our main results, in section 7—we will show that by means of these notions it is possible, in
a natural way, to define a class of ‘star products’ of functions and to introduce a formulation
of quantum mechanics ‘on phase space’. In the first part of the section, we will collect a few
basic facts on frames in Hilbert spaces, a subject which is discussed with plenty of applications
in several excellent references; see, e.g. [13, 14]. In the second part of the section, we will
focus on the peculiar case of frames in Hilbert—Schmidt spaces (of operators). As we will
show, in this case the theory of frames enjoys extra results reflecting the fact that a space of
Hilbert—Schmidt operators is not only a Hilbert space but is also endowed with the structure
of an algebra.

Let S be a separable complex Hilbert space (we will denote by (-, -) the associated scalar
product) and X = (X, u) a measure space. A family of vectors Sy in S, labeled by points
in X,Sx = {¢¥ € S :x € X}, is called a frame (in S, based on the measure space X)) if it
satisfies the following defining conditions:

e For every ¢ € S, the function
P:Xsx (Y, 9) eC (D)

is u-measurable and belongs to L2(X) = L?(X, u; C).
e The ‘stability condition’ is verified, namely,

a||¢||§<||d>||iz(x)=/ | () > du(x) < Bloll3. Voes, ()
X

for some (fixed) @, B € Rsuchthat) < o < .
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A couple of strictly positive numbers o, f—such the the stability condition (2) is satisfied—are
called (lower and upper) frame bounds for the frame Sy; in particular, the frame Sy is said to
be tight if one can set ¢ = .

Therefore, a frame Sy = {V}.ex defines a frame transform (operator), i.e. the linear
operator

F:S2¢ > @:= (Y, ) € L*(X), 3)
which is bounded

I¢172cx) < Bl Vees, (4)
injective, and admits a (in general, non-unique) bounded left inverse

allplls < IFB172x)- Vees. ()

For every ¢ € S, the C-valued function §¢ will be called the frame transform of ¢.

Note that the existence of a bounded left inverse of § implies that the range of the frame
transform—Ran(F)—is closed in L2(X): Ran(F) = Ran(g). Specifically, § admits a (unique)
bounded pseudo-inverse < : L*>(X) — S, which is the linear operator determined by the
conditions

FF=1(§° isaleftinverse of §) (6)
F°0 =0, VO e Ran(®)*, (ie. Ker(F<) = Ran(F)h) (7)

with I denoting the identity in S and Ran(F)* the orthogonal complement of the subspace
Ran(g) of L*(X). Obviously, in the case where Ran(§) = L%(X), the pseudo-inverse
§< is nothing but the (bounded) inverse §~'. However, we stress that the case where
Ran(F) = L?(X) does not occur in several important examples; typically, Ran(g) is a proper
subspace of L?(X) consisting of functions with some regularity property (this happens, for
instance, in the case where X is a topological space and the frame map x +— ¥, is weakly
continuous).
It is clear that for the adjoint §* : L2(X) — S of F the following formula holds:

5o = / O, du(r), VO e LX), ®)
X

where the integral (as all the vector-valued or operator-valued integrals henceforth) has to be
understood ‘in the weak sense’.

By means of the frame operator § and of its adjoint §*, one can define the metric operator
of the frame Sy, i.e. the map M= §*§ : S — S, which is a bounded, definite positive linear
operator (with a bounded definite positive inverse M _1): al < M < BI.1tis easy to verify,
using the defining conditions (6)—(7), that the following relation holds:

~ ]

§T=M F". 9)

The metric operator allows us to define the dual frame of the frame Sx, namely, the family of
operators

S¥ = (Yt eS8 Yt =M Yy, ¥y € Sxl. (10)

We stress that the term ‘dual frame’ is coherent: one can easily show that S¥ is indeed a frame
(in S, based on X). Note that, if the frame Sy is tight, then § is—possibly up to a positive
factor—an isometry, the positive operator M is a multiple of the identity, and Sy coincides
with its dual frame S* up to, possibly, an irrelevant overall normalization factor; i.e., there is

4
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a strictly positive number r such that ¥* = ri,,V x € X. In particular, we will say that the
tight frame Sy is normalized if r = 1. _

Moreover, it is clear that denoting by § the frame transform associated with the frame
SX, we have

~ ~ ]
S=38M ; (1D
hence, the metric operator associated with the frame S Xis M ! and the dual frame of S¥ is
Sx. From relations (9) and (11) it follows that
TP = §*d> = / O x)Y* du(x), V& e L2(X). (12)
X

If, in particular, the frame Sy is tight, then the pseudo-inverse § < coincides—possibly up to
a positive factor—with §*.

By means of a couple of mutually dual frames Sy and S X one can write some
remarkable formulae. In fact, taking into account formula (12), and using the Dirac notation
o) (Win = (¥, n)p, ¥, @, n € S, we can write the following resolutions of the identity:

I=3"§= /X 1Y) (Y| dpa(x)

=M/X|W><wx|du(x)M’l=/X|wx><w"|du<x); (13)

thus, we have a ‘reconstruction formula’ for the frame transform g¢, i.e.
¢ = / (F) ()Y~ du(x), V¢ eLX(X), (14)
X

and an analogous formula for the (dual) frame transform §q§. From relations (13) we get
immediately

M=M/X|w"><wx|du<x>=/X|wx><wx|du(x> (15)
and

w =M_1/X|1/fx)(1/f"ldu(X)=/X|1/f")<1/f"|du(X)- (16)

Moreover, observe that for the orthogonal projection f’Ran(g) onto the subspace Ran(g) of
L%(X) we have the following remarkable expression:

(Pran(z) @) (¥) = FF D) (x) = / x(x, X ) (x) dpu(x'), Vo e LA(X), (17)
X

for p-almost all (in short, for pu-a.a.) x € X, where x(-, -) is the C-valued function on X x X
defined by

x(x,x') = (Yo, ¥Y), Vo, x €X. (18)

Therefore, the range of the frame operator is a reproducing kernel Hilbert space (in short,
rk.H.s.) [31-33].

Remark 1. Strictly speaking, Ran(§) is a ‘rk.H.s. embedded in L2(X)’. The ‘true’
rk.H.s. is the vector space composed of every C-valued function & on X of the form
® = (Y, d),¢ € S. Embedding this rk.H.s. in L>(X) amounts to identifying such a
function ® with the equivalence class of -measurable C-valued functions on X that coincide
with @ for p-a.a. x € X, as is tacitly done usually (e.g., in definition (3)).
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It is an interesting fact that every bounded operator in the r.k.H.s. Ran(g) is an integral
operator. Precisely, as the reader may check using formula (12), for every operator A in B(S)
(the Banach space of bounded linear operators in S), we have

(FATHP)(x) = / x(A; x, x)D(x) du(x), Yo e LA(X), (19)
X

for pn-a.a. x € X, where
x(A;x,x') = (Y, Ay, Vi x'eX; (20)

thus % (x, x") = »(I; x, x').
Denoting by B;(S) the Banach space of trace class operators in S, we now prove the
following important result:

Proposition 1 (the ‘trace formula for frames’). With the previous notations and assumptions,
for every operator A in B,(S), the following formula holds:

tr(A) = / x(A; x, x)du(x). (21)
X

Assume now that the frame {},cx is tight. Then, for every positive bounded operator B in
S,x(B;x,x) 20, and

f x(B; x, x) du(x) < +00 (22)
X
if and only if B is contained in By (S).

Proof. Since, as is well known, every trace class operator 7 admits a decomposition of the
form

'f = ’f] — fz +i(f3 - 'f4), (23)

where 7'y, T, T3, T4 are positive trace class operators, by linearity of the trace we can prove
relation (21)—with no loss of generality—for a generic positive trace class operator A in S.

Let us suppose, for the moment, that the frame {v, },cx is tight; we can assume that it is
normalized (i.e. Sy = S¥). Then, choosing an arbitrary orthonormal basis {1, },ex- in S and
denoting by Az the (positive) square root of A, we have

wd) = 3 (A Abnn) = X [ (A, vy, Abn it

neN neN

/ Z vaAznn><A2nm lﬁx)d,u(X)
neN

/ > Ay ma)ne. A2 i) duco), (24)
X neN

where the permutation of the (possibly infinite) sum with the integral is allowed by the
positivity of the integrand functions. Hence, we obtain

tr<A>=/X<A%x/fx,A%x/fx>du(x> =/X<x/fx,Ax/fx>du(x>. (25)

This proves the first assertion of the statement in the case of a tight frame.
For a generic frame {1, }cx in S one can argue as follows. First observe that—denoting,

. - nL .1
as above, by M the metric operator of this frame—the set {1//x =M Yy, =M’ wx} isa

xeX

6
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normalized tight frame (exploiting relations (13), the proof of this assertion is straightforward).
Next, consider that, for every A € B (S),

[N

w(A) = (M ANY) = / (Fres N1 AFT ) dpa ()
X

= fx (Yo, AY™) dpu(x), (26)

where we have used the cyclic property of the trace and the result of the first part of the proof.

Let us prove the second assertion of the statement. Assume that the frame {{,} cx is
tight (we can suppose that it is normalized), and let B be a positive bounded operator in S
which is not contained in B;(S). Then, arguing as above, we have

+00= Y (. Bny) =Y (Bon,. Bon,) = / (B>y.. Bry)du(x)

neN neN X

= /X (W, BY,) dpu(x), 27)

where {n,},c 1s an arbitrary orthonormal basis in S.
The proof is now complete. ]

At this point, we proceed to the second part of the section, where we will specialize
the scheme outlined above to the case where S = B,(H), with B, () denoting the space of
Hilbert-Schmidt operators in a (separable complex) Hilbert space H (we will adopt the symbol
(-, -)B,(n) for denoting the scalar product in B, (H): (A, B)BZ(H) = tr(A*B), A, B € B,(H)).
We recall the fact that the Hilbert space B, (H) is a H*-algebra [34], and a two-sided *-ideal
in the C*-algebra of bounded operators 5(H) (see, e.g. [35]).

Then, let {T y}yer be a frame in B,(H), based on a measure space Y = (¥, v), and let
(T} yey be the dual frame. In order to avoid confusion, we will now denote by ® the frame
transform associated with the frame {T y}yey and by £ its pseudo-inverse; thus, we will set

D =F:B,(H) — L>(Y) =LY, v; C) and N =F :L2Y) > B(H). (28)

It is natural to wonder if, in addition to the formulae recalled above, one can suitably express
the product of operators in By(H) in terms of the frame transforms associated with these
operators. Denoting by A, B the frame transforms of A, B € B,(H), respectively, i.e.
A=DA = (T, A)pay € LX(Y), B=DB e L*(Y), we can set

(A% B)(y) := (DAB)(y). (29)

Therefore, the product of operators induces, through the frame transform ®, a bilinear
map () x (-) : Ran(®) x Ran(®) — Ran(®). As we are going to show, exploiting the
reconstruction formulae

Qo /Y AT Ay, B= /y BT dv(y), (30)

one can obtain a suitable expression for this bilinear map.

Remark 2. The integrals in the reconstruction formulae (30) are weak integrals of vector-
valued functions with respect to the scalar product of B,(H). Then, a fortiori, they are weak

7
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integrals of bounded-operator-valued functions; indeed

<¢’ (/Y A<y>Tydv<y)> w>= <|w><¢|,/yA(y)T-v dv(») a0
=fyA<y)<|w><¢|,fy>Bz(H) dv(y)

- /YA<y><¢, Pry) dv(y), 31)

for any couple of vectors ¢, ¥ € H.

It turns out that the bilinear map () » (-), induced through the frame transform by the
product of operators in 3, (), can be expressed as a ‘non-local’—i.e. non-pointwise—product
of functions defined on the range of ®; in fact, we have the following result:

Proposition 2. With the previous notations and assumptions, for any A, B € B>(H), the
following formula holds:

(A*B)(y)=/de(y1)/y dv(y2)e (¥, y1, y2) A1) B(y2)

_ / dv(ys) / (. y1. 1) A BGR), (32)
Y Y

forv-a.a. y € Y, where the integral kernel k : Y x Y x Y — C is defined by
k(3. y1. y2) = (T, T 1) g, = (T3 T 1), (33)

Proof. As anticipated, we will exploit the reconstruction formulae (30). Let us prove the
second of relations (32). Observe that, for any A, B € By(H), we have

(A B)(y) := (T, AB)g,y = (T} AB) = w((A*T )*B) = (A*T, B),n)- (34)

Hence, using the reconstruction formula for f?, we find
(A*B)(y) = (A*T, B)g,p = f dv(y)(A Ty, T7) 5,00 B(32)
Y

= / dv(y (T (T)*, A)s,00B(2),  (35)
Y

where we have used the cyclic property of the trace

A

(AT, T) 5,00 = te(TLAT?) = w(T7 T3 A) = (Ty(T7)*, A)g,a0. (36)

Next, using the reconstruction formula for A, we obtain
(AxB)(y) = / dv(y)(Ty(T*)*, A) g, 00 B(12)
Y
= [ @0 [ @0, @ 00 AGDBG2)
Y Y

= / dv(y») / dvyi (T, T T2) 5,30 A1) B(y2). (37)
Y Y

The proof the first of relations (32) is similar. (Il
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We will call the non-local product of functions (29) star product* associated with the
frame {T',},cy. Let us observe that the definition of the star product of functions in Ran(®)
can be extended, in a natural way, to all functions in L?(Y) by setting

D) * Dy :=D((QP)(QD)), VO, @) € LA(Y). (38)

Note that, since £ = Qf’Ran(@ y, with f’Ran(@) denoting the orthogonal projection onto Ran(®),
we have

@) x D) = (Pran() ®1) * (Pran(o) 2)- (39

One can easily prove that the ‘extended star product’—namely, the bilinear map (-) » (-) :
L*(Y) x L>(Y) — L2(Y) defined by formula (38)—can be still expressed as a non-local
product of functions; indeed:

Proposition 3. With the previous notations and assumptions, for any ®;, ®, € L*(Y), the
following formula holds:

(@)% B2)(y) = /Y dv(y) fy () (ys 1, )1 (1) Ba(32)

= /Y dv(yz)/y dv(yDk (. yi. y2) @1 (y1) P2(y2), (40)
forv-a.a. yeY.
Proof. Just recall that
06 = /Y ()T dv(y), Vo e L2(Y), (41)
apply definition (38), and argue as in the proof of proposition 2. ]

Since B, (H) is a two-sided *-ideal in the C*-algebra B(H) of bounded operators in H,
for every A € B(H) one can define the linear maps

Li:By(H) > B AB € By(H) and Ri:By(H) > B> BA e By(H). (42
The maps L ; and Ry are bounded linear operators. Indeed, as is well known [35], we have
ILiBls,ao < IANBlg,ey — and  [IR;Blis,ay < IANIBlIs,00; (43)

from this relation follows in particular that ||L ;|| < I A|l and ||R il < | A]l. One can actually
show that

ILall = IRzl = IAll (44)

Note that, if A € B(H) is selfadjoint, then the bounded operators L; and Ry in B,(H) are
selfadjoint too. The operators L4 and Rj are suitably represented in the space of frame
transforms Ran(®); i.e.

Proposition 4. For every bounded operator A € B(H) and every Hilbert—Schmidt operator
B € By(H), the following formulae hold:

A A

(DL)B)(y) = (DA )(y)=fydv(y’)xL(A; v, Y)B(), (45)

4 We recall that the notion of star product of functions on phase space has been extensively studied in the literature;
see, e.g., the classical papers [36-38] and the recent contributions [4, 6]. Here we show how a notion of this kind
arises in a natural way considering frames of Hilbert—Schmidt operators.
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(DR;Q)B)(y) = DBA)(y) = fY dv(y) xR (A; y, y)B(GY), (46)

forv-a.a. y € Y, where B =B and

XAy, y) =Ty, AT ) 5,00, xR(Asy, ¥y = AT, T A)s, 0 (47)
hence
Ab = / dv(y)) / dv () x“(A: 1. y2) B(y) 7, (48)
Y Y
BA:/ dv(yl)/ dv(y) X (A; v, y2) BT (49)
Y Y

Moreover, if the frame {fy}yey is tight, then, for every operator A € B(H), we have
xNAsy ) = XA Y and xRAsy ) = XA YL ) (50)

Proof. Let us prove formula (45). By definition we have
DAB)(y) = (T, AB)s, 0. (51)
Then, exploiting the reconstruction formula for the Hilbert-Schmidt operator B, we get

(DAB)(y) = (A*T, B)s,00

2/ dv(y/)<AA*’fyvfy/)Bz(H)B(y/)
Y

_ / AW F . AT Vs, B(Y). (52)
Y

which is what we wanted to prove. The proof of formula (46) is analogous.
Let us suppose, now, that the frame {7, },cy is tight. Then, we have

XAy y)t = w(TL AT = u(T) AT y) = (T3 AT
= x" (A% 3, 9. (53)

In a similar way, one proves the analogous relation for the function XR(A; ).
The proof is complete. |

It is worth stressing that, for every bounded operator A € B(H), both the functions
y' = x“(A*;y',y) and y' > xR(A*;y', y) are contained in Ran(®). If the frame {7',},cy
is tight, due to this fact and to the first of relations (50), for every ® € L?(Y) we have
f dv()x"(A; y, y)®(y) = f dv(y)x (A% ¥ »)* oY)
Y Y
= / ) x A% Y, ) Prano) @) ()
Y

= f dv()x (A5 y, Y) Pranoy @) (y).  (54)
Y

Assume that the frame {f"y} yey 1s tight and normalized (so that ® is an isometry). Then, since
Pran@) = D1, from the previous relation and from formula (45) we obtain

/Y dv(Y)x (A3 y, YY)D () = (DAQD)) () = (D(AQPru®) D)) (D), (55)

10
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for all ® € L2(Y); furthermore, for any ®, ¥ € L?(Y) we have
[ @) [ a0t W 0r 00 = Praer ¥ DAL 00
Y Y

= (DAY, D(AQD))5,x)

= (QV, AQP)p,x)

= (QPran®) ¥V, AQPran@®)P)5,0)- (56)
It is obvious that a completely analogous relation holds for the integral kernel xR(A; -, -).
Remark 3. Note that the integral kernels XL(A; -,-)and x R(AA; -, -) are nothing but the kernels
of the bounded (super-)operators L4 and R with respect to the frame (T y}yer (see formula
(20)). The ‘left’ and ‘right’ integral kernels form vector spaces that can be endowed with the
structure of a C*-algebra isomorphic to the algebra of bounded operators B(H). Differently
from the case of Ran(®) = Ran(g), we will assume that these vector spaces are composed of

functions rather than of equivalence classes of functions (see remark 1). Observe, moreover,
that for any A, A, € B(H) we have

x“(A1Ay v, y0) = / dv(y)x“(A1; yi, Mx (A y, y2), (57)
Y

forall y; € Y and all y, € Y; indeed, exploiting the resolution of the identity generated by the
frame {7T',},cy, we get

x“(A1As; yi, y0) = (T, A1 AT g0y = (AT, AT 5,

=f dvO) (AT, T)s00(Ty, A T) g0
Y

= f dv()x“(Ar; yi, ) x (A y, y2). (58)
Y
Clearly, an analogous expression holds for the integral kernel XR(A1A2; -, -), l.e.

xP(A Ay yl,yz)=f dv() xR (A v, Mx ALy, y2). (59)

Therefore—denoting by B(H)g the Jordan-Lie algebra [39] of bounded selfadjoint operators
in H, endowed with the Jordan product A1 o A2 = —(A1A2 + A2A1) and with the Lie bracket
{A1, A5} := A, A)]—we find

. 1 . .
x“(Ayo Ay y,y) = 5/ dv(M) (XA y1, Vx4 y, y2)
Y

+x Az v, x Ay, w)), (60)

. 1 . .
x"(AL, Ak yi, ) = ;/ dv(M) (XA yi, Vx4 y, y2)
Y
—x (A yi, x(Ars y, y)), (61)
forany A;, A, € B(H)g. Analogous relations hold for xR(A 0As; -, -) and xR({A}, A2}; -, -).

Let us now suppose to have, simultaneously, a couple of frames: the frame { fy}yey
in the space of Hilbert—Schmidt operators B,(H) and a frame {,},cx in the Hilbert space
‘H, based on a measure space X = (X, u). A situation of this kind will be considered in
section 7. Then, in addition to the collection of formulae previously obtained, we have the
following result:
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Proposition 5. For every bounded operator A € B(H), every Hilbert—Schmidt operator
B € B,(H) and every trace class operator p € B (H), the following formulae hold:

x(Bix,x') == (Y. BY) =/ ()T (x, X', Y)BOY). 62)
Y

tr(p) = /X du () /Y )y (x. )P0, 63)

tr(fiﬁ)=/ du(x)/ dv()’l)/ dv(y)y (x, y)x“(A; y1, y2)p(32)
X Y Y

= /X du(x) /Y dv(y1) /Y dv()y (e, yDxF(A; y1, y2)p (), (64)

where B = ’)Dé,p = ®p, and we have set: T'(x,x',y) = (Y, fyllf"’),y(x,y) =
(e, TYY) = T(x, x, y). Assume now that the frame {, } vcx is tight. Then, for every positive
Hilbert-Schmidt operator B in H, [, dv(y)y (x, )(DB)(Y) = (¥, BY*) o (Y, BYry) >
0, and

/ dM(x)/ dv(My (x, »)(DB)(y) < +00 (65)
X Y
if and only if B is contained in B, (H).

Proof. Taking into account remark 2, formula (62) follows from the reconstruction formula
for the operator B.

Let us prove formula (63). Applying the trace formula (21) to g, and using formula (62)
for the integral kernel »(p; -, -), we get

tr(ﬁ)=/XdM(X)%(/3;x,X) fod'u(X)/Y dv()T(x, x, y)p(y). (66)

Let us now prove the first of relations (64). Applying formula (63) to the trace class
operator Ap, we get

w(Ap) = /X dpe(x) /Y dv(yDy (x, yD(DAD) (). (67)

Next, by virtue of formula (45), we obtain

tw(Ap) = / du(x) / )y (s ) / WO A yi y)p().  (68)
X Y Y

where p = ® 0. The proof of the second of relations (64) is analogous.
The proof of the second assertion of the statement follows from the second assertion of
proposition 1. U

The frame transform ® = § associated with a frame in B,(H) may be regarded as
a ‘dequantization map’, which associates with any operator in B,(H) a square integrable
function. Conversely, the pseudo-inverse £ = § may be regarded as a ‘quantization
map’ which suitably associates an operator with a C-valued function. In this context, the
counterpart of the product of operators is given by the star product of functions. At this point,
the reader must have recognized the typical scheme underlying the subject which is usually
called ‘quantum mechanics on phase space’: the Wigner transform (dequantization), the Weyl
map (quantization) and the Gronewold—Moyal product of functions (star product), see [3].
In the following, we will show that there is a precise link between the ‘frame formalism’
discussed in the present section and the Weyl-Wigner—Gronewold—Moyal formalism for
quantum mechanics.

12



J. Phys. A: Math. Theor. 41 (2008) 285304 P Aniello et al

3. Quantum mechanics on phase space: the Wigner distribution

As is well known, due to the indetermination relations, the notion of phase space is not
straightforward in the quantum-mechanical setting as is in the classical setting. Since particles
cannot have, simultaneously, a well-defined position g and momentum p, it is not possible to
define a genuine phase space probability distribution for a quantum particle as it happens in
classical statistical mechanics; in other words, quantum mechanics is not a statistical theory
in the classical sense. It is, however, possible to introduce a notion of ‘quasi-probability
distribution’ or ‘quasi-distribution’ that allows one to express quantum averages in a way
analogous to classical averages.

In the following, for the sake of notational simplicity, we will consider the case of a
(1 + 1)-dimensional phase space (with coordinates denoted by ¢, p); the extension to the
ordinary (3 + 3)-dimensional case is straightforward. In the classical setting, a particle can
be described by a classical probability distribution on phase space (¢, p) — P(q, p) (or,
more generally, by a probability measure). The average (at a certain time) of a function of
position and momentum (g, p) — A(g, p)—namely, of a classical observable—is given by
the expression

(A>7>=/]R IRA(q,p)P(q,p)dqdp. (69)

On the other hand, a quantum-mechanical state is described by a density operator p—a positive
trace class operator of unit trace—and the mean value of a quantum observable A, which (by
virtue of the spectral decomposition of a selfadjoint operator) can always be assumed to be a
bounded selfadjoint operator, is given by the well-known ‘trace formula’

(A), = tr(Ap). (70)

If one tries to establish a link between the classical formula (69) and the quantum one (70),
one has to face the following problem: how one can set a suitable correspondence between
a quantum observable A (i.e. a selfadjoint operator, in the standard formulation of quantum
mechanics) and a ‘corresponding classical-like observable’ (g, p) — A(q, p) (a numerical
function), and between a density operator p and a suitable ‘quantum quasi-distribution
Sunction’ (g, p) — Q;(g, p), in such a way that it is then possible to express the expectation
value of a quantum observable in a ‘formally classical fashion’, i.e. as a phase space average
of the type (69)

(A)) = /R A POyl g . 1)

It is a remarkable fact that this problem can be solved—at least partially—within a theoretical
scheme usually called ‘Weyl-Wigner formulation of quantum mechanics’, or, in a slightly
more general sense, ‘phase space formulation of quantum mechanics’. It turns out that the
correspondence operator <> numerical function is of the same kind (i.e. it is obtained using
the same formulae) both for the density operator g and the observable A (at least for a suitable
class of observables).

As is well known, the notion of quasi-distribution function has been introduced by
Wigner in his celebrated paper [1], with the aim of exploring the quantum corrections to
classical statistical mechanics. The quasi-distribution introduced by Wigner—which is still
regarded nowadays as the ‘standard’ quasi-distribution function (other quasi-distributions,
with remarkable applications in quantum optics, can also be defined, see [18, 40, 41]; see
also the recent proposals [42, 43])—is universally known as the Wigner distribution. In the
following, we will recall a few basic results; for the proofs, the reader may consult standard

13
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references on the subject like [29, 30]. As above, in order to simplify notation, we will
consider the case of a quantum particle with a single degree of freedom (hence, we will deal
with a (1 + 1)-dimensional phase space). Then, let us denote by ¥ a vector in the Hilbert space
L2(R) and, using the Dirac notation, let us set ¥ = |¥)(¥|. With the vector y—or, more
precisely, with the operator y—one can associate the function

Q,p:RxR—)(C, (72)
defined by (7 = 1)
1 —ipx X\ * X
Qsa. =5 [ e (a=3) v (a+3)ax 73)
If ¥ € L*(R) is, in particular, a normalized nonzero vector (i.e. ||| = 1), then Qy is called

the “Wigner distribution associated with the pure state 1/}’. Note that, for almost all ¢ € R, the
function
X\ * X
Raxr—>1/f(q—§> w(q+§)e<C (74)
is contained in L'(R); hence the Fourier integral in definition (73) is indeed an ordinary
integral. Moreover, this integral can be regarded as 1/m times the scalar product of the
normalized functions

elPx x 1 X
R>x w( ——)e(C and Raxr—>—1/f( +—)e<c; (75)
V2 9 2 V2 1 2
hence, according to the Cauchy—Schwarz inequality, we have
1
1Q4(a, PI < — IV, vy e LP(R), Vaq.peR. (76)

One can easily prove that the function Q, assumes only real values.

As far as we know, it is not completely clear in what way Wigner obtained formula (73). It
seems that he achieved this expression by requiring that some general properties were satisfied
in a ‘simple way’ (see [44] and references therein); in particular:

(i) As already mentioned, the function Q,/; assumes only real values.
(i) The marginal sub-distributions

Qy(g,):R>pr Qs(q, p), qgeR Q;(,p):R3g—0Q;(q,p), peR,
(77)
satisfy the following relations:
[ Q@ nir=w@r.  foraa gek, 78)
R
/ Q;(q, p)dg = |[(FY)(p)I*, foraa. peR, (79)
R

where F : L*(R) — L%*(R) is the Fourier—Plancherel operator. We remark that,
rigorously, the function Q; and the associated marginal sub-distributions are not
integrable, in general. However, one can easily prove that, if Fv belongs to L'(R)
(hence, Fy € L'(R) N L?(R)), then the marginal sub-distribution Qy (g, ) is contained
in L' (R) too and relation (78) holds true. Analogously, if ¥ belongs to L' (R) (NL2(R)),
then QV}(', p) is contained in L'(R) and relation (79) is satisfied as well. Note that, if
relation (78) holds (in particular, if 7y € L'(R)), then

/(/ Q,,;(q,mdp) dg = 1y II% (80)
R R

14
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similarly, if relation (79) holds (in particular, if ¢ € L' (R)), then

f(/ Qﬂw)dq) dp = [y (81)
R R

Moreover, it is possible to prove that if ¢ belongs to the Schwartz space S(R), then Q;
belongs to S(R x R); thus, both relations (78) and (79) hold true, and we have that

/ Q;(q. p)dgdp = |y II* (82)
RxR

However, we stress that, for ||| = 1, the Wigner distribution associated with the pure
state ¥ cannot be regarded as a genuine probability distribution as it assumes, in general,
both positive and negative values (this fact is already explicitly observed in Wigner’s
original paper [1]).

(iii) The function Q;, behaves in an ‘elementary way’ with respect to position and momentum
translations, namely

V(@) > V(q—q) =€) = Q;(g.p)r Qi(g—4q.p). (83)

Y(q) > €71y (q) = €79 (q) = Q;(q.p)— Q;(q.p—p). (84)

where we have denoted by ¢ and p the standard position and momentum operators in
L%(R), respectively.

However, we point out that it is the peculiar property of satisfying a relation of the type
(71) for the expectation values of observables, the salient feature of the Wigner distribution.
As will be shown later on, one can actually associate with any trace class operator in L?(R)
(in particular, with any physical state, i.e. not only with a pure state) a suitable (generalized)
Wigner distribution; this association will then allow us to obtain an expression of the type
(71). The first step of this generalization is to associate with any finite-rank operator a Wigner
distribution (we will not attempt at establishing formula (71) itself, for the moment). To this
aim, for any couple of vectors ¢, i in L?(R), let us set

Q5(q. p) = %/R ey (g-3) @ (a+3)dx (85)

this expression is a straightforward generalization of formula (73), relating a generic rank-one
operator ¢ = [¢) (Y| with a C-valued function. Note that, as in the case of Q; = Qg the
function Qg is well defined since that map x +— ¢ (q - %‘)* v (q + %) belongs to L2(R) for

all g € R. Itis also immediate to observe that, for any ¢, p € R, [Qz5 (g, p)| < %||¢|| 1,
and

Qw(q,p)*=%/Reipx¢, (q_§>¢(‘1+§)*dx

=5 | e (a- %‘) v (a+3)dx. (86)

hence Qg5 (q, p)* = Quy(q, p),V ¢, ¥ € L2(R). One can prove, moreover, that for any
¢, ¥ € L*(R) the function Qgy is contained in L*(R x R), and the following important
relation—the Moyal identity—holds

A Q@ P Q@ PYAg dp = 5 (b1 a) W 1) = 5 U@ ). (BT

15
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for all ¢1, ¥y, ¢a, ¥ € L2(R); in particular, for ¢; = Y| = ¢ = ¥, = ¥, and recalling that
Q;(q, p) € R, we have

1
Qg p)*dgdp = —|v|* (88)
RxR vs

(compare with formula (82); note, however, that formula (88) holds for every vector i in
L*(R)).

Consider now the family of unitary operators {U (g, p)}4,per C U (L%(R)) (given a Hilbert
space H, we denote by U (H) the unitary group of H) defined by

U(g. p) :=exp(i(pq — qp)) »

= ¢ exp(ipq) exp(—igp) = e:” exp(—igp) exp(ipd),  q.peR. (89
One can prove (see [12]) that the function tr(U (-, -)*@)) 2 (g, p) —» tr(U(q, p)*@) belongs
to L>(R x R) and the following relation holds:

1 o
Qv (q.p) = E(-FY[) (U, )*o¥))(q, p), (90)

where F, : LR x R) — L%(R x R) is the symplectic Fourier transform, i.e. the unitary
operator determined by

1 N Sigp' —pq) [ 1 2
Fsp g, p) = 7 flg.p)e dg'dp’, VfeL (RxR)NL'R xR).
RxR

O
Recall that F;, enjoys the remarkable property of being both unitary and selfadjoint
Fop = Fi FL =1 (92)

sp?
Thus, for any ¢, ¥ € L*(R), the Wigner distribution is the symplectic Fourier transform of
the function

Vi :RxR 3 (g, p) > Qo) (U(q, p)*¢¥) € C, (93)

which is usually called Fourier—Wigner distribution associated with the rank-one operator @ .
It is a peculiar fact that the Fourier—Wigner distribution can be cast in a form similar to the
standard Wigner distribution (compare with formula (85))

1 i .
Vi@ p) =5 /R &5 TPy (y — g)*p(y) dy

L[ eimy (x - i’)* & (x + %) dx. 94)

2 R 2
It is clear that, since ), is unitary, the function Vg5 = F;, Qg satisfies a relation completely
analogous to the Moyal identity (87).

As is well known, the map R x R > (¢, p) — U(q, p) that appears in the definition of
the Wigner and Fourier—Wigner distributions is an irreducible projective representation of the
group R x R in L2(R); with a slight abuse of terminology, we will call it Weyl system’. The
Moyal identity (87) is a manifestation of the fact that the representation U is square integrable.
This property, whose main technical aspects will be recalled in the following section, allows
us to extend the notion of Wigner distribution defining a Wigner transform which associates
with any Hilbert-Schmidt operator in L?>(R) a suitable numerical function; furthermore, as
will be shown in section 5, one can actually define a (generalized) Wigner transform for every
square integrable representation.

5 Strictly speaking, it is the pair of unitary representations (p — exp(ipg), g — exp(—igp)) that it is customary
to call “Weyl system’, see [45]; however, the irreducible projective representation U has the same physical meaning

since it ‘codifies’ the canonical commutation relations (in integrated form), as shown in (89). The representation U
is strictly related to a Schrodinger representation of the Heisenberg—Weyl group, see [29].
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4. A technical interlude: square integrable representations

In this section, we will use some basic facts of the theory of topological groups and their
representations; standard references on the subject are [46, 47].

Let G be alocally compact second countable Hausdorff topological group (in short, l.c.s.c.
group). We will denote by g and A respectively a left Haar measure (of course uniquely
defined up to a multiplicative constant) and the modular function on G. The symbol e will
indicate the unit element in G.

Given a separable complex Hilbert space H, the symbol ¢/ (H) will denote, as in section 3,
the unitary group of H—i.e. the group of all unitary operators in H, endowed with the strong
operator topology—which is a metrizable second countable Hausdorff topological group.

We will mean by the term projective representation of al.c.s.c. group G a Borel projective
representation of G in a separable complex Hilbert space H (see, for instance, [46], chapter
VII), namely a map of G into /() such that

e U is a weakly Borel map, i.e. G 3 g — (¢, U(g)¥) € C is a Borel function®, for any
couple of vectors ¢, ¥ € H;

e U(e) = I, where I the identity operator in H;

e denoted by T the circle group, namely the group of complex numbers of modulus one,
there exists a Borel function m : G x G — T such that

U(gh) =m(g, HUU (h), Vg, h €G.

The function m, which is called the multiplier associated with U, satisfies the following
conditions:

m(g,e) =m(e,g) =1, VgegG, 95)
and

m(g1, 8283)m(g2, g3) = m(g182, g3)m(g1, g2), Vg1, 8,83 €G. (96)

In particular, in the case where m = 1, U is a standard unitary representation; in this case,
according to a well-known result, the hypothesis that the map U is weakly Borel implies
that it is, actually, strongly continuous. The notion of irreducibility is defined for projective
representations as for unitary representations.

Let U:G— U(H) be a projective representation of G in a (separable complex) Hilbert
space H. We say that U is physically equivalent to U if there exist a Borel function 8 : G — T
and a unitary or antiunitary operator W : H — H such that

U(g) = B(e)WU(g)W*, VgeG. (97)

Note that the notion of physical equivalence is coherent with Wigner’s theorem on symmetry
actions. It is clear that a projective representation, physically equivalent to an irreducible
projective representation, is irreducible too.

Let U be an irreducible projective representation of the l.c.s.c. group G in the Hilbert space
‘H. Then, given two vectors i, ¢ € H, we define the function (usually called ‘coefficient’)

cpy:G3gr U@V, ¢) €C, (98)
and we consider the set (of ‘admissible vectors for U”)
AU) ={y e H|Ip e H: ¢ #0.c), € L(G)], (99)

6 The terms Borel function (or map) and Borel measure will be always used with reference to the natural Borel
structures on the topological spaces involved, namely to the smallest o -algebras containing all open subsets.
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where L2(G) = L*(G, ug; C). The representation U is said to be square integrable if
A(U) # {0}. Square integrable projective representations are characterized by the following
result—see [22]—which is a generalization of a classical theorem of Duflo and Moore [19]
concerning unitary representations:

Theorem 1. Let the projective representation U : G — U(H) be square integrable. Then,
the set A(U) is a dense linear span’ in 'H, stable under the action of U, and, for any couple of
vectors ¢ € H and y € A(U), the coefficient cf,f’ ¢ IS square integrable with respect to the left
Haar measure (g on G. Moreover, there exists a unique positive selfadjoint injective linear
operator ﬁu in H—which we will call the ‘Duflo—Moore operator associated with U'—such
that A(U) = Dom(ﬁU) and the following ‘orthogonality relations’ hold:

[3 Crn () o (9) A (2) = /G (1. U®)1) (U (). $2) duc (g)

= (¢1, 620 (D2, D), (100)
forall ¢y, ¢, € H and all Y1, Y, € A(U). The Duflo-Moore operator ﬁU is semi-invariant,
with respect to U, with weight AL e

Ug)D, = Ac(g)? D, U(g), Vg € G; (101)

it is bounded if and only if G is unimodular (i.e. Ag = 1) and, in such a case, it is a multiple
of the identity.

Remark 4. If U is square integrable, the associated Duflo-Moore operator D y» being injective
and selfadjoint, has a selfadjoint densely defined inverse. Duflo and Moore call (for historical
reasons) the square of ﬁgl the formal degree of the representation U. Note that the operator D U
is linked to the normalization of the Haar measure . Indeed, if g is rescaled by a positive
constant, then ﬁU is rescaled by the square root of the same constant. Keeping this fact in
mind, we will say that DU is normalized according to . On the other hand, if a normalization
of the left Haar measure on G is not fixed, D y 1s defined up to a positive factor and we will
call a specific choice a normalization of the Duflo-Moore operator. In particular, if G is
unimodular, then D v = I is anormalization of the Duflo-Moore operator; the corresponding
Haar measure will be said to be normalized in agreement with the representation U. Moreover,
observe that, according to relation (101), the dense linear span Dom(D ) Ran(D y) (like

the linear span A(U) = Dom(D ) is stable under the action of U and
U(9)'Dy' = Aa(g)?Dy'U(9)", Vg eG. (102)

Finally, we note that the orthogonality relations (100) can also be written replacing the positive
selfadjoint operator D with a closed injective operator K which is only requlred to be
selfadjoint. Such an operator K vy 1s not unique (e.g., tr1v1ally, one can set K U= -D v)» and
it is characterized by a polar decomposition of the form K v = VDU, where V is a suitable
unitary operator in H. A selfadjoint operator satisfying the orthogonality relations will be
called a variant of the Duflo—Moore operator.

Let us list a few basic facts about square integrable representations:

(i) The square-integrability of a representation extends to all its physical equivalence class.
Thus, we can say consistently that a certain physical equivalence class of representations
is square integrable.

7 Throughout the paper, we call a nonempty subset of a vector space V ‘linear span’ if it is a linear space itself (with

respect to the operations of V), with no extra requirement of closedness with respect to any topology on V; we prefer
to use the term ‘(vector) subspace’ of V for indicating a closed linear span (with respect to a given topology on V).
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(ii) In the case where the l.c.s.c. group G is compact (hence, unimodular), every irreducible
projective representation of G is square integrable (since, in this case, the Haar measure
on G is finite) and, in the case of a unitary representation, theorem 1 coincides with the
celebrated Peter—Weyl theorem.

(iii) If the representation U of G is square integrable, then the orthogonality relations (100)
imply that, for any nonzero admissible vector ¢ € A(U), one can define the linear
operator

W, H>¢ [|Dyyl '], € LX(G) (103)
—sometimes called (generalized) wavelet transform generated by U, with analyzing or

fiducial vector y—which is an isometry. Note that 283, is the frame transform associated

with the normalized tight frame {||ﬁU1p ||_1U(g)1p}g€G in H based on (G, ). For the
adjoint QB’;, : L2(G) — M of the isometry 25, the following formula holds (compare
with the reconstruction formula (14)):

W, f =Dy fG F@U@©@V) dug(g), Vf e L*(G). (104)

The ordinary wavelet transform arises in the special case where G is the one-dimensional
affine group R x RY (see [20]).
(iv) The isometry 203, intertwines the square integrable representation U with the left-regular

m-representation Ry of G in L2(G), see [22], which is the projective representation (with
multiplier m) defined by

(Ru(2)f)(g) = m(g. ¢ f(g'e), 8.8 €G, (105)

m(g, g) =m(g, g Hm(g ", g, (106)

for every f € L?(G); namely
W, U(g) = Ra(9)2W,, Vg eG. (107)

Hence, U is (unitarily) equivalent to a subrepresentation of Ry. Note that, form = 1,
R = Ry, is the standard left regular representation of G.

(v) Since 25, is a frame transform, the range Ry = Ran(28,)—which, by Schwarz
inequality, consists of (equivalence classes of pg-almost everywhere) bounded square
integrable functions—is ar.k.H.s. (embedded in L?(G); see remark 1), and the reproducing
kernel is given explicitly by

%y (g, 8") = 1Dyl (U, UH¥), 88 €G. (108)

Namely, for every function f in R, we have

f(®= f %y (g, ¢)f(g)duc(g), for pg—aa.geG. (109)
G
(vi) The wavelet transform Qﬁw intertwines a bounded operator A in H with an integral
operator in L?(G)
W, A=A4,20,. A e BH), (110)
where
(Ay f)(g) = / ) (A; 8, ¢)f(g)dug(g), feLlXG), ((11)
G
x (A; 8, 8) = 1Dy ¥ |7 U ()Y, AU(E)Y), 8.8 €G: (112)

19



J. Phys. A: Math. Theor. 41 (2008) 285304 P Aniello et al

in particular: }fg I;g,¢) = }ffﬂ] (g, ¢"). Since
xy (As g,) = 1Dy UG, AU (9 v)* (113)

and the function ||D,¥||72(U ()¢, A*U(g)¥) belongs to Ry, denoting by Ry the
orthogonal complement in L*(G) of R, the operator ;\T/, satisfies

Ay f =0, Vf e Ry (114)
therefore, we have (compare with relation (19))
Ay =8, A5, (115)

Moreover, relation (110) implies that A= %Z@Qﬁw; hence, by means of formulae
(104) and (111), we get the following (weak integral) formula:

A= D,y fG dpG(g) /G dug (8 (A; g, gHIU () (U ()l (116)

(vii) Since for the Fourier—Wigner transform a relation analogous to the Moyal identity holds
true, namely,

dgd
/R Vi@ P V@ ) dg dp = fR 61U ) U@ P )

1
= 2—<¢1,¢>2)(K/f2, Y1), (117)
T

we conclude that the projective representation U : R xR 3 (¢, p) — exp(i(pg —
gp)) € UL*R)) is square integrable and, fixing (27)~'dg dp as the Haar measure
on R x R, we have that DU = 1. Therefore, the Haar measure (27)~'dgdp is
normalized in agreement with U. If ¢ € L?(R) is the ground state of the quantum
harmonic oscillator, then {U(q, p)¥ '}, per is the family of standard coherent states
[23, 48], which is a normalized tight frame in L?(R) based on (R x R, (27)~!dg dp).

As a consequence of the ‘trace formula for frames’—see proposition 1—we have the
following further remarkable property of square integrable representations:

Proposition 6 (the ‘first trace form. for sq. int. reps.’). Let U : G — U(H) be a
square integrable projective representation and DU the associated Duflo-Moore operator
(normalized according to the left Haar measure (g). Then, for any couple of admissible
vectors ¥, ¢ € A(U) and any trace class operator A in H, the following formula holds:

(A (Dyv. Dyd) = /G (U, AU ()¢} duic (g)- (118)

Proof. We will assume that ¥ # 0 # ¢, otherwise the statement is trivial; we will further
assume, for the moment, that ¢ = ¢ € A(U). Then, as already observed, the set of vectors
{||DUW|I_1U(g)1p}geG is a normalized tight frame in H based on (G, ug), and formula
(118)—for every A e B (H) and with ¢ = —follows from formula (21) applied to this
frame.

In order to extend the proof to the case where ¢ # v, we can use the result just obtained
and a standard ‘polarization argument’. The proof is complete. (]

One can furthermore prove that, in the case where the l.c.s.c. group G is unimodular, the
first trace formula for square integrable representations is a particular case of the following
result:
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Proposition 7 (the ‘second trace form. for sq. int. reps.’). Let U : G — U(H) be a square
integrable projective representation of a unimodular l.c.s.c. group G and let ﬁU = dyl,
dy > 0, be the associated Duflo—Moore operator (normalized according to the Haar measure
we). Then, for any couple of trace class operators A, T in 'H, the following formula holds:

w(A) u(f) = / w(U(TU(@)*A)dug(g). (119)

Proof. As in the proof of proposition 1, we can exploit the fact that every trace class operator
can be expressed as a linear combination of four positive trace class operators, and we can
restrict the proof of relation (119)—with no loss of generality—to the case where A, T are
generic nonzero positive trace class operator in . Then, let us consider the canonical
decomposition of 7' as a nonzero (positive) compact operator

T= Z T | Y ) (Wl Y. Pn € H, (120)
neN
where A is a finite or countably infinite index set, {1, },en is an orthonormal system and
{rn},,€ A 18 a set of strictly positive numbers—the nonzero singular values of T (whlch being
T positive, coincide with the nonzero eigenvalues of T)—such that ), nvTn = tr(T) the
sum (120) converges with respect to the trace norm. Observe that the map

Bi(H) > 8§ — tw(U(g)SU(g)*A) = w(SU (g)*AU(g)) € C (121)
is a bounded linear functional; hence
tr(U()TU(Q)*A) = ) 1, tr(U (@) |[¥a) (W U (8)* A). (122)
neN

Therefore, we have

/G CU@TUE Dduc@ = [ 3 0@ AU o)

G neN

= %5 | W@ AU ducto

neN
= d} tr(A) e (T), (123)

where the permutation of the (possibly infinite) sum with the integral is allowed by the
positivity of the integrand functions and we have used the first trace formula (118). ]

In the following section, it will be shown that the notion of square integrable representation
allows us to give a rigorous definition of the (standard) Wigner transform, and to generalize
this definition in a straightforward way: with every square integrable projective representation
one can associate a suitable isometry, i.e. a (generalized) Wigner transform.

5. Wigner transforms associated with square integrable representations and the
Wigner distribution

The (generalized) wavelet transform defined in the previous section is not the only remarkable
linear map that one can construct, in a natural way, by means of a square integrable
representation. Indeed, following [12], we will show that—given a square integrable projective
representation U : G — U(H) (with miltiplier m)—with every Hilbert—-Schmidt operator
A e B>(H) one can suitably associate a function G > g +—> (GUA)(g) € C contained

21



J. Phys. A: Math. Theor. 41 (2008) 285304 P Aniello et al

in L>(G) = L*(G, ug; C). Denoting by ﬁU, as in section 4, the Duflo-Moore operator
associated with U (normalized according to a left Haar measure g on G), formally we set

(SyA)(g) :=tr (U(g)*AD}"). (124)

Since the operator U (g)*Aﬁgl (or, possibly, its closure) is not, in general, a trace class
operator, definition (124) is meaningless unless we provide a rigorous interpretation. To this
aim, we will exploit the fact that finite-rank operators form a dense linear span FR(7) in
B> (H). Precisely, consider those rank one operators in H that are of the type

¢V = |¢)(¥]. ¢ € H. ¥ € Dom(Dy"). (125)
The linear span generated by the operators of this form, namely the set
FR(H; U) := {F € FR(H) : Ran(F*) C Dom(D;')}, (126)

is dense in FR(H); hence, in B,(H): FR(H; U) = B,(H). Observe, moreover, that if we set
(SudP)(g) := (U () I$)(Dy'w) = (UQ)Dy'v. ¢). ¥ ¢vr € FR(H; U), (127)
then, by virtue of the orthogonality relations (100), for any qb/l% qb/z% € FR(H; U) we have

/G (Sud I (@) (Sudava) () duc(g) = /G (1. U®) Dy vi) (U () D5 ¥, 2) duci (g)

= (1, $2) (Y2, V1) = (B1V1, b2v) iy (128)

Therefore, extending the map Gy to all FR(H; U) by linearity, and then to the whole
Hilbert space B,(H) by continuity, we obtain an isometry Gy : Ba(H) — L*(G) called
the (generalized) Wigner transform generated by U. As the reader may check, if the group G is
unimodular (:>ﬁU = dyl, with dy > 0), then for every trace class operator p € B (H)—in
particular, for every density operator in H—we have simply

(Sup)(g) = dy' u(U()*P). (129)

Let us now investigate the intertwining property of the isometry Sy with respect
to the natural action of the group G in B,(H). Precisely, let us consider the map
UvVvU:G— UBy(H)) defined by

UVvU(@A:=U(g)AU(g)*, Vg € G, A € Bo(H). (130)

The map U Vv U is a (strongly continuous) unitary representation—even if, in general, the
representation U has only been assumed to be projective—which can be regarded as the
standard action of the ‘symmetry group’ G on the quantum ‘observables’ (or on the ‘states’).
Next, let us consider the map 7, : G — U(L*(G)) defined by

(Ta(@)F)(&) = Ac(g)im(g, &) f(g ' g'e), (131)

where the function m : G x G — T has the following expression:

m(g ¢):=mn(g, ¢ '¢)"mig "¢, 2. (132)
As the reader may check by means of a direct calculation involving multipliers, the map 7, is a
unitary representation; the presence of the square root of the modular function A in formula
(131) takes into account the right action of G on itself. Note that, for m = 1, it coincides with
the restriction to the ‘diagonal subgroup’ of the two-sided regular representation of the direct
product group G x G; see [47, 49]. As the reader may check using relation (102), the Wigner
transform Gy intertwines the representations U Vv U and 7y,

SyU VU@ =Tu(8)6u, Vg eG. (133)
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Since the generalized Wigner transform &y is an isometry, the adjoint map &7, :
L%(G) — By(H) is a partial isometry such that

&5 6y =1, GGy = Pr,, (134)

where 1373” is the orthogonal projection onto the subspace Ry = Ran(&y) = Ker(5y})
of L*(G). Thus, the partial isometry &7, is the pseudo-inverse of Gy and we will call it
(generalized) Weyl map associated with the representation U. It is remarkable that the Weyl
map &j; admits the following weak integral expression (see [12]):

Sy f = fG F(©U () Dy duc(g), Vf e LX(G). (135)

Observe that, in the case where the group G is unimodular, with the Haar measure ug
normalized in agreement with U, we have simply

&y f =/ F(@U(g)duc(g), Vf e LX(G). (136)
G
Let us now focus on the case where G = R x R and U is the square integrable projective
representation
U:RxR>(q.p) > expi(pg —qp)) € UL*(R)). (137)

We recall from section 4 that (277)~!dg dp is the Haar measure on R x R normalized in
agreement with U. Then, in this case, the generalized Wigner transform Gy is the isometry
from B (L*(R)) into L2 (R x R) = L>(R x R, (27)~! dg dp; C) determined by

(Sup)(g, p) =t(U(q, p)*P). vV p € BI(L*(R). (138)

For a pure state U = Y)W € Bo(LA(R)), ||[¥] = 1, the function Gy coincides—up to
an irrelevant normalization factor—with the Fourier—Wigner distribution associated with v
(compare with definition (93)). The multiplierm : (R x R) x (R x R) — T associated with
U is given by

I 1 ! !
m(q, p;q’, p') = exp (E(qp - pq )). (139)
Hence, for the function o we find, in this case, the following expression:
n(g, p;q'. p) =unlg, p;q' —q,p' — p)'m(q —q, p' — p; q, p) = exp(=i(gp’ — pq")).
(140)

Recalling formula (131), we conclude that the generalized Wigner transform Gy intertwines
the unitary representation U VU : R x R — U(B,(L2(R))) with the representation
Tn: R x R — UL*R x R)) defined by

(Ta(q, ) ), p) =e =P f(g' p)), VfeLl*RxR). (141)

The standard Wigner transform—we will denote it by T—is the isometry obtained composing
the isometry Sy determined by (138) with the symplectic Fourier transform

T 1= F,,6p : Bo(L*(R)) — L* (R x R). (142)

In particular, for a pure state 1/? € By(L*(R)) the function ‘Zxﬁ coincides, up to an irrelevant
normalization factor, with the Wigner distribution associated with i (compare with formula

(90))
(TV)(q. p) =27Q;(q. p). (143)
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It is clear that the isometry ¥ intertwines the representation U Vv U with the unitary
representation 7 : R x R — U(L*(R x R)) defined by

T(q, p) = Fop'Tn(q, P) Fsps Vg, p) e RxR; (144)
as the reader may easily check, explicitly, we have
(T, P, p)=r4q —q,p —p). Vi e (R xR). (145)

Note that this result is consistent with relations (83) and (84). It is also a remarkable result—
see [S0]—that Ran(&y) = Ran(%) = L?(R x R). Therefore, the standard Wigner transform
T—and its adjoint T*, the standard Weyl map—are both unitary operators.

Note that, according to the definition of the map &, the Wigner transform associated
with a square integrable representation is not—in general—a frame transform. For instance,
in the case where U is the Weyl system (137), it is not. This is coherent with the fact that, in
the mentioned case, Ran(&y) = L*(R x R) and hence Ran(&y) is not a r.k.H.s. as it should
be if Gy were a frame transform. For the same reason, the standard Wigner transform ¥ is
not a frame transform. It is then natural to address the following problem: given a square
integrable projective representation U, is it possible to associate with U, in a straightforward
way, a frame transform in 3, (H)? We will give an (affirmative) answer to this question in the
subsequent section.

6. Frames in Hilbert-Schmidt spaces from square integrable representations

In this section, we will show that it is possible to obtain from a square integrable
representation—in a natural way—frame transforms having as domain the space of Hilbert—
Schmidt operators in the Hilbert space where the representation acts. In the following, we
will assume that G is a l.c.s.c. group and U : G — U(H) a square integrable projective
representation of G in the Hilbert space H. For the sake of simplicity, we will suppose that the
group G is unimodular, but the results that we are going to prove actually extend to the general
case (see remark 10 below). We will denote by u the Haar measure on G normalized in
agreement with the representation U (see remark 4). Now, for any couple of Hilbert—Schmidt
operators AT e B,(H), we can define the function

A:G xG>(g1.8) (T(g1 8). A €C, (146)
where
T(g1,8) :=U(g)TU(g)*, 81,8 €G. (147)
At this point, we have the following result:

Theorem 2. With the previous notations and assumptions, for any A, T € B,(H), the map

(TC.), A 1 G x G 3 (g1,82) = (T(g1,82), Ao € C (148)
is a Borel function contained in L*(G x G) = L*(G x G, ug @ ug;C), and the linear
application

D By(H)3 A A=(T(,"), A, € L*(G x G) (149)
—for T nonzero and normalized (i.e. | T || By(1) = 1)—is anisometry (the ‘dequantization map’
associated with the representation U, with ‘analyzing operator’ T ); namely, for T normalized,
the family of operators {T (g1, g2) : (g1, g2) € G x G} is a normalized tight frame in By (H),
based on (G x G, ug ® ug). Moreover, for any A, B, S, T € B,(H), the following relation
holds:

f D7 A)(g1. 2" @3B (g1, 8416 ® (g1, 82) = (A, BYs,on (5. T (150)
GxG
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Proof. Let 7' be a nonzero operator in B,(H). As a Hilbert-Schmidt operator, 7 will admit a
canonical decomposition of the form

T=) uledWal.  VudueM. (151)
neN
where N is a finite or countably infinite index set, {V,, },enrs {@n }nen are orthonormal systems
and {1, }aen is a set of strictly positive numbers (the nonzero singular values of 7) such that
D onen rnz = ||IT ||é2 (s the sum (151) converges with respect to the Hilbert-Schmidt norm.

The fact that the representation U is a weakly Borel map implies that the function
(T, ), A)32(H)—f0r any A, T € By(H)—is Borel; namely, that the application G x G >
(g1, &) T(gl, &) € By(H) is weakly Borel. In fact, by means of the canonical
decompositions of the operators A and T, one can express the function (T(, ), A) By(H)
as a finite—or countably infinite and pointwise converging—sum of Borel functions; we leave
the details to the reader (recall that, given Borel functions f; : G — C, j = 1, 2, the function
[ G xG>3(g1,8) — fi(81)f2(82) € Cis Borel too).

Assume, now, that 7' # 0and 17 B,(v) = 1, and let A be an arbltrary operator in B, (H).
Consider the associated Borel complex-valued function A = (T'(-, -), A)p,3, on G x G. We
will prove that this function belongs to L%(G x G) and, simultaneously, that the dequantization
map (149) is an isometry. To this aim, it will be convenient to assume for the moment that 7
is a finite-rank operator; this is equivalent to suppose that the index set A is finife. Then, by
Tonelli’s theorem and the (finite) canonical decomposition of T, we have

/GG|A(g1,gz)|2duc®uc<g1,g2)=/ (/ |A(g1,gz)|2duc(g1>) duc(g2)

Y < | . 180 D

n,keN
x (1o (81)) (Yr (gD, A)BZ(H)d,U«G(gl)>d,U«G(82),
(152)
where, for the sake of notational conciseness, we have set
¢n(8) = U()Pn, ¥n(g) = U(Q) V¥, VgeG, VneN. (153)
Next, observe that
(A, (16 (D) (¥ (82) Dm0y = (1Y (82)) (B (8DIA)* = (AWu(2). du(gn)): (154)

hence, from relations (152) and (154), we obtain

f |Ag1, 8P dpc ® o, &) = ) tnrk/ (/ (A (22), ¢u(gD)
GxG

n,keN

x (pr(g1), AYi(g2)) dMG(gl))dMG(gz)

= %5 [ (AU @ AU G o, (159
neN
where we have used the orthogonality relations for the square integrable representation U (G
unimodular, 11 normalized in agreement with U). At this point, using the trace formula (118),
we get

/G A, g) > duc ® e (g1, 82) = r(A*A) Y 12 = | AlIg, 00 1T 13,00 (156)
X neN

with || T ”éz(ﬁ) = 1. Thus, in the case where the index set A is finite, the proof is complete.
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Suppose now that dim(H) = co and N' = N. In this case, we can consider a sequence
{TnInew C Ba(H) of finite-rank operators converging to T: limyooo |17 — TN||32(H) =0; in
particular, we can consider the sequence of finite truncations of the canonical decomposition
of T, ie. fN = Z,':':] Ty | ¥ ) (¢ |- Then, setting f‘N(gl, g) = U(gl)f"NU(gz)*, we get

Jim |17 (1, 82) = Tng1, 82)lgoo = lim |IT = Tnllgop =0, (157)
and
A(g1, 82) = (T(g1, 82), A) g0y = ’}LH;O(TN(&, 22), A) g0, Vgi,8 €G. (158)

Next, observe that for every N € N the function Ay := (TN(~, ), AA)&(H) :GxG — C
belongs to L?(G x G), and {Ay}nen is a Cauchy sequence in L?(G x G). Indeed—according
to the first segment of the proof—one finds out that, for any N, N’ € N,

/G AN (g1 82) = A, g dug ® pne(gr, g2) = I{Tnn G, ) A)son Itz o)
X
An2 7 7~ 2
= 1AIg,00ITn = Tillgy,  (159)

where we have set f‘N,N/(gl, &) = U(gl)(f"N/ — fN)U(gz)*, and we have exploited the fact
that 7y — Ty is a finite-rank operator. Therefore, the function A : G x G — C is the
pointwise limit of a Cauchy sequence of functions in L>(G x G), so that—according to a
well-known result—it belongs to Lf(G X G) too and limn_ o |A — Anlli2(6x6) = 0. Hence,
considering that || Anlli2ex6) = I1AlB,0) I TNl B, (1), We have

lAllL2@exc) = lim || AnllLz 6 x6)
N— oo

| All 5,7 Nli_)ngo 1T nlB,y = IANB, 0 1T 118y (H) s (160)

with || 7] B,y = 1. Thus, the first part of the proof is complete.

We will now prove relation (150). This second part of the proof goes along lines similar
to the ones already traced in the first part, so we will be rather sketchy.

Let A, B, S, T be operators in B,(H), with S # 0 # T (otherwise relation (150) is
trivial), and consider the canonical decompositions

S = Z O |1} Xm T = an|¢n)(%|7 Nims Xms ¥n, on € H, (161)

meM neN

where M, N\ are finite or countably infinite index sets, {1, Jnerts {Xm Iners {Wnlnen's {OnIner
orthonormal systems, {0,;}mem and {t,},en sets of strictly positive numbers such that

Y o o} = ||§||%2(H) and ), T2 = ||f||%2(H), and we have
(8. TV sy = D > OmTu (s ) (Wi Xom)- (162)
meMneN

The sums (161) converge with respect to the Hilbert—Schmidt norm.

Suppose first that the index sets M, A are both finite. For notational conciseness, we
define the function ® : G x G — C, ®(g1, g2) := (D7 A)(g1, £2)*(D3B)(g1, &2), and we
set

Mm@ :=U@m, xm(@) :=U@Xm, &u(g) :=U(@dn, VYulg) =U(@¥,. (163)
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Then, since the function ® belongs to L' (G x G) (according to the first part of the proof), we
can apply Fubini’s theorem thus getting

L IS RN SEDD Zomrnfc </G<A1/fn<gz>,¢n<gl>>

meM neN

X (1 (81), Bxm(82)) duc(81)>duc(g2)

= Z Zo'mfnhlm’ On)

meM neN
X / (AU (82)¥n. BU(82) xm) ditc (82), (164)
G

where we have used the orthogonality relations for U. Next, use the trace formula (118)

/G . D(g1, 82) At ® G (g1,8) = D Y OwTulllms bn)

meMneN

x / (U(g2)¥n, A*BU (g2) xm) A1 (g2)
G

= Z Z OmTn{Mm> Pn) (Vs Xom) tr(A*é)

meM neN
= (A, B)g,a0 (S, T, 00)- (165)

Suppose now that dim(H) = oo, and that M = N and/or /' = N. Then, one can
adopt a reasoning similar to the one used in the second half of the first part of the proof:
consider sequences { Sy men and/or {7y ney of finite-rank operators—converging to 8 and/or
to 7', respectively—and exploit the continuity (in both arguments) of the scalar products in
L%(G x G) and B,(H), for proving relation (150) also in this case.

The proof of the theorem is complete. ]

Remark 5. In order to prove theorem 2, we could have shown that the map U: G x G —
U(B(H)), defined by

Ulg1, 82)T :=U(gNTU(g2)* = T(g1,82), 81,8 € G, T € By(H), (166)

is an irreducible projective representation of the (unimodular) direct product group G x G,
and that, moreover, it is square integrable. Then, formula (150) can be regarded as the
‘orthogonality relations’ of the square integrable representation U. The advantage of the
above proof is that of ‘explicitly illustrating” what happens for finite-rank operators. In the
general case where G is not assumed to be unimodular—see remark 10 below—this kind of
proof allows us to provide an explicit expression for (a variant of) the Duflo-Moore operator
associated with the representation U in terms of the Duflo-Moore operator associated with U.

Remark 6. Assume that the analyzing operator T € B,(H) is a nonzero finite-rank
operator (||f‘||Bz(H) = 1). Then, arguing as in the proof of theorem 2, one shows that
for every trace class operator A € B;(H) and every bounded operator B € B(H)—setting:
B(g1, &) = tr(f"(gl, gz)*ﬁ)—the function

G>g (DrA)(g1,8)7Blgi, ) € C, Vg1 € G, (167)

is contained in L'(G), as well as the function g; + [ (DfA) (g1, 82)*B(g1, 82) duc(g2),
and the following formula holds:

f duc(gr) f duc(g2)(D;A) (g1, )" B(g1, g2) dug ® uc (g, &) = r(A*B),  (168)
G G
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where one can interchange the order of the integrals. Furthermore—taking into account the
fact that, for any ¢,n € H, (¢, T(g1,82)n) = (D¢le)(nl)(g1, g2)*—the following weak
integral reconstruction formula holds:

B = / dug(gn) / dig(82)B(g1. 8T (81, 82); (169)
G G
in particular, for T = |y) (], |¥]l = 1, we re-obtain relation (116).

Let us now investigate the intertwining property of the isometry ®; with respect to
the natural action of the group G in B,(H). Precisely, let us consider the representation
UvU : G — U(By(H)) defined in section 5; see formula (130). As already observed,
U v U is a unitary representation, even in the case where the representation U is genuinely
projective. Consider, now, the map Ly : G — U(L*(G x G)) defined by

(L) f) (g1, g2) == M(g: g1, &) f(g ' g1, 8 82, (170)
where the function M : G x G x G — T is given by
M(g: g1, &) ==m(g ", gm(g ™", g2)", (171)

with m denoting the multiplier of U. The map Ly is a unitary representation too, as the reader
may verify by checking that the following relation holds:
M(gg'; 81, 82) = M(g: g1, 8IM(gs 8 ' 81, 8 ' 22). (172)

It is clear that the unitary representation Ly is weakly Borel; hence, according to a well-known
result, it is strongly continuous. Between the representations U Vv U and Ly there is a precise
relation: U Vv U is unitarily equivalent to a sub-representation of Ly; indeed, we have:

Proposition 8. With the previous notations and assumptions, for every normalized Hilbert—
Schmidt operator T € By(H), the isometry ®; intertwines the unitary representation
UV U : G — UBy(H)) with the unitary representation Ly : G — UL*(G x G)); namely:

DUV U(Q) = Lu(9)D;, Vg €G. (173)

Proof. Let A an arbitrary operator in B, (). We want to prove that

D;+UQAU) (g1, 8) =M(g: 81, 8) DA g g1, 87'82).  (174)
In fact, the lhs of eq. (174) is equal to
(T (21, 82), U(QAU(9)")p,00 = r(U (g)T*U (81)* U () AU (8)*)
=tr((U(g)*U(g)T*(U(9)*U(g1))*A)
= tr((m(g. g U (g HU (g T*
x (m(g. g HU @ HU))*A)
=tr((U(g U (@) T*(U (g~ HU (g1))*A). (175)
Hence, we have that
(T(g1.82), UQAU(2)")p,00 =m(g ™", g)m(g ™", g2)* r(U (g ') T*U (g~ ' g1)* A)
=M(g; g1, &2){T (8781, 87" 82), A),0)- (176)
We have thus obtained the rhs of equation (174) and the proof is complete. (]

We conclude this section with a few remarks.
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Remark 7. Let U : G — U(H) be a projective representation physically equivalent to U
(hence, square integrable too)

U(g) = B(e)WU (g) W, Vg € G, (177)

where f: G — T is a Borel function and W: H — Ha unitary or antiunitary operator. The
unitary representations U vV U and U Vv U are unitarily or antiunitarily equivalent (indeed,
the operator B,(H) > A WAW* € B, (H) is umtary if Wis unltary, antiunitary if W is
antiunitary). Moreover, denoting by m the multiplier of U and by M:G xGxG — Tthe
associated function defined as in (171), it turns out that the unitary representations £y (g) and
L;5i(g) are, accordingly, unitarily or antiunitarily equivalent. Indeed—using the fact that for
W unitary or antiunitary we have, respectively

- B(g1g2) -~ B(g182)
b = 0 _ b 9 Bl — 9 * 178
182 = gy e ) or men ) =g ynen s (78

one can easily check the following relations:

M(g; g1, ) = B(81)*B(82)B(8~ 8B g2)"M(g; 1, 82), for W unitary, (179)
M(g; g1, 82) = Blg)*Bg)B(g ' 8B (g 82)" M(g; g1, 82)*, for W antiunitary.  (180)
Hence—denoting by J the standard complex conjugation in L2(G x G), i.e. the antiunitary
operator

JL2(GxG)> f ffeL*G x G), J=J*, (181)
and by B the multiplication operator in L>(G x G) by the T-valued Borel function
(g1, &2) > B(g1)*B(g2) (operator which is obviously unitary)—for every g € G we have
Lyi(g) = BLy(g)B*(W unitary), L5i(g) = BJ Ly(g)J B*(W antiunitary). (182)

This result is coherent with the fact that, denoting by ’}DT, the dequantization operator
associated with the representation U, with analyzing operator T’ € By(H)—where T/ =
WT W*, for some T € B»(H) such that || T||32(H) = 1—for every A € B,(H) we have

Dy (WAWY) = (ByD)A, (183)

with By = B, for W unitary, and By = BJ, for W antiunitary. We leave the simple check of
relation (183) to the reader.

Remark 8. We stress that—excluding the trivial case where dim(H) = 1—Ran(®;) is a
proper subspace of L2(G x G). In fact, if dim(H) > 2, according to relation (150) we have
Ran(D; ) L Ran(Dy), forall Ty, T, e By(H) such that (T, T)p, =0. (184)

Hence, the ranges of a couple of dequantization maps, with mutually orthogonal analyzing
operators, are mutually orthogonal subspaces of L>(G x G). Therefore, the ranges of
dequantization maps must be proper subspaces of L>2(G x G).

Remark 9. With every function f € L?(G x G) one can associate a function f°, contained
in L>(G x G) too, defined by

(g1, 82) := f(g2, 817, V(g1,8) €GxG. (185)
Clearly, the antilinear application
J:L2(G xG)> f f°eL*G x G) (186)
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is a complex conjugation (J = J* and J*> = I). Observe that, for every Hilbert-Schmidt
operator A € B,(H), the following relation holds:

D (A*) = (D4.A)°. (187)
Indeed, we have

D (A" (g1, 82) = r(U(g)T*U(g)*A*) = (AU (g)TU (g2)")*
=tr(U(gNTU(g2)*A)" = (D7.4) (g1, g2). (188)

Suppose that the analyzing operator T € B,(H) is selfadjoint. Then, the isometry D
intertwines the standard complex conjugation A — A* in B, (H) with the complex conjugation
Jin L%(G x G), i.e. fo(A*) = (@TAA)O. Therefore, taking into account the injectivity of
the map ®;, a function W belonging to Ran(® ;) is the image of a selfadjoint operator if and
only if W = W°,

Remark 10. Up to this point, we have focused on the case where the group G is unimodular.
We stress that a suitable dequantization map can be defined even if G is not unimodular
(we denote by p¢, as usual, a left Haar measure on G and by D y the Duflo-Moore operator
normalized according to (), though in this case the construction is slightly more complicated.
Here we will sketch the main points of this construction; further details (and suitable examples)
will be contained in a forthcoming paper. Let us denote by FR(H) the linear span of finite-rank
operators and let us consider the set

FR(H; U) := {F e FR(H) : Ran(F), Ran(F*) C Dom(D,,)}. (189)

The set FR(H; U) is a dense linear span in B> (), and a generic nonzero vector in FR(H; U) is
of the form Y"N_, [v,) (|, where {¢,}N_,, {¢,}\_, are linearly independent sets in Dom(D ).

n=1>

Let us introduce a linear operator £;;, with domain FVR(H; U), defined by

N N
Ry (Z |wn><¢n|) = > 1Dy ) (Dyul. (190)
n=1

n=1

It is easy to check that, due to the selfadjointness of ﬁy, f%U is a symmetric operator. It
follows that &, is closable, and we denote by &, the closure of &, ; hence, &, is a closed,
symmetric, densely defined operator in B, (H) whose restriction to FR(H; U) coincides with
Ry

At this point, with every operator 7" in the dense linear span Dom(R&,,) one can associate a
linear map ®; : By(H) — L*(G x G) = L*(G x G, g ® ug; C) defined by

D7A)(g1, 8) = (U@DTU)*, A0, 81,8 €G, (191)

which—for 7' nonzero and such that ||ﬁUf|| B,y = l—is an isometry. Moreover, for any
A,B € By(H) and any S, T in the dense linear span Dom(f,) C B>(H), the following
orthogonality relations hold:

(DA, DsB)12x6) = (A, B)p,an (84 S, Ry T)s00- (192)

The proof of these statements goes along lines similar to the ones traced in the proof of
theorem 2. First one proves the statements with the operator 7' (and §) belonging to the dense
linear span FR(H; U). Then, one extends the result to a generic T in Dom(£;,) by means of a
limit argument. This time the sequence {7\ }ney converging to 7' should be chosen as follows.
It must be a sequence in FR(; U) such that

lim |7 — Tyllg,00 =0 and lim |8, T — &, Tnllgy =0 (193)
N— o0 N— oo
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(such a sequence exists since £, is the closure of ,FQU). One can prove that the operator
f%U is essentially selfadjoint; hence, its closure £, is the unique selfadjoint extension of fiU.
Thus, £, is a variant (remark 4) of the Duflo-Moore operator associated with the square
integrable projective representation U, see remark 5. Therefore, for T € Dom(£,,) such that
||RUT||BZ(H) = 1, the linear map ®; can be regarded as the generalized wavelet transform
generated by U, with analyzing vector 7.

In the following section, we will exploit the class of frames introduced above and the
results of section 2 for deriving suitable expressions of quantum-mechanical formulae in terms
of functions on ‘phase space’. Although most of the results hold in the general case, we will
assume, for the sake of simplicity, that the l.c.s.c. group G is unimodular.

7. Frame transforms and quantum mechanics

Since we are now equipped with a wide class of tight frames in the space 3,(H) of Hilbert—
Schmidt operators in the Hilbert space H, we can exploit the results of section 2. It will be
convenient to denote by G the direct product group G x G (G unimodular), by g = (g1, £2)

a typical element of G, by g the ‘diagonal element’ (g, g) of G and by ¢ the Haar measure
ue ® ug on G (which is, obviously, a unimodular l.c.s.c. group). Then, according to
theorem 2, for every nonzero Hilbert—Schmidt operator 7 € B»(H) such that || 7'|| By = 1
(g 1s normalized in agreement with U), the family of operators

{T(g) =U(g)TU(g2)* =U(9)T}gecs (194)

is a normalized tight frame in B, (), based on (G, ). Thus, we can identify the measure
space (Y, v) of section 2 with the measure space (G, pg). The frame transform associated with
the frame (194) is the linear map D ;: By(H) — LX(@) = LX(G, pe; C)—(@fﬁ)(g) =
(T(g), A) By(r). for every A € By(H)—which is an isometry (the ‘dequantization map’).
We will denote by Q4:L%(G) — B,(H) the adjoint of the isometry ®;; then, Q; (the
‘quantization map’) is a partial isometry that coincides with the pseudo-inverse of ®

QD =1, Ker(Q;) = Ran(D;)™ . (195)
For the partial isometry £Q; we have the following simple formula (compare with relation
(8)):
D0 = f dua(@)® (@)1 (g), Vo e LA(G). (196)
G

We stress that the integral in formula (196) is a weak integral of 3, (H)-valued functions; hence,
a fortiori, it can also be regarded as a weak integral of bounded-operator-valued functions (see
remark 2).

As observed in section 2, the linear maps ®; and £ induce in L*(G) a star product of
functions defined by (see definition (38))

D)+ Dy 1= D;((Q;P1)(Q;D2)), Yo, & € LX(G). (197)
According to proposition 3, we have

(@1 % B2)(g) = /G duc(g) /G duc(g e (g, g g )01 (g)Da(g"),  (198)
where

ki(g.9.9") = (T(9), T@T(g)) s =t (@*T@T(g"). (199
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In particular, the subspace Ran(® ;) of L%*(G) is a rk.H.s. (compare with formulae (17) and
(18))

P(g) = Ldua(g/)%f(g, g)®(g), V& € Ran(®7), (200)

where the reproducing kernel has the following expression:

x1(g,9") == (T(9), T(g))n00, (201)
and, for every couple of Hilbert—Schmidt operators Al, Ag € B,(H), we have

@414 () = / duc(g) fG duc(g (. g g)AI(g)Ag"), (202)

with A1(g) = (D4 41)(g). A2(9) = (D Ar)(9).

Observe that it is possible to express, within the present framework, the expectation
values of quantum-mechanical observables. Recall, in fact, that the (bounded) left and right
multiplication operators in B,(H) by a bounded operator A—i.e., respectively, the linear
operators: Li:By(H) > B — AB € By(H) and Ri:By(H) > B — BA € By(H)—
are represented as suitable integral operators in the Hilbert space of frame transforms
Ran(® ;) = D4 (B2(H)). Precisely, the ‘left’ and ‘right’ integral kernels

x5 (As g.9) = (T(9), AT (@) 5,00 x5 (A: g.9) = (T(9), T(g)A)s,m) (203)
see proposition 4—correspond to the ‘super-operators’ L ; and Ry, respectively. In particular,
for every trace class operator p € B;(H), the following formulae apply:

(D7Ap)(g) = deuG(g’)x;(A;g, g)r(g), p =D, (204)

(D:pA)(g) = /G duc(g)xf(A: g.g)po(g). (205)

Besides, for every normalized nonzero vector ¥ in H—more precisely, for every rank one
projector U= Y)Y |—setting
Vi (8 9) = (UVUV. T@)sm = UE@V.T@U@QV),  (206)

we have (see proposition 5; consider that {U(g)V }4<¢ is a normalized tight frame in H, based
on (G, ug))

tr(p) = /G dug(g) fG duc(@)yr (8, 9)p(g) = tr(p). (207)

According to the second assertion of proposition 5, a positive Hilbert—Schmidt operator
B € B,(H) is a trace class operator if and only if

/Gd,uc(g) /G dua(@)vi (8, 9) (D7 B)(g) < +oo. (208)
Observe also that, recalling the intertwining relation (173), from definition (206) we get
Vi g (8. 9) = (U VU@V, T@)s00 = (T(@.UV U5
= (DU VU@ (@)
= (Lu(@)D7V)(9)" (209)

Remark 11. Formula (207) is a special case of a more general relation. In fact, let Sbea
trace class operator in H such that tr(§) = 1; then, extending definition (206), let us set

vi.5(8,9) == (U VU®S. T@)sa=tu(UVUERSHTg)). (210)
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At this point, using the ‘second trace formula’ (119) and the reconstruction formula for the
operator p, we find

tr(p) = fG duc () tr((U v U()8%)p)

= / duc(g)/ duc(@)rr (8. 9)p(g). (211)
G G
Moreover, arguing as above, we conclude that
v7.5(8 9) = (Ly()D78)(@)*. (212)
This formula shows that the function g — y; s(g, g)* is contained in Ran(® ;).

In the special case where T € B, (H), exploiting again the second trace formula (119),
we find also that

tr(p) r(T)* = tr(p) tr(T™) = / duc(p(g). p=Dsp. (213)
G
Hence, in particular, te(T)> = fG d,u(;(g)(gff)(g), and, if T € By(H) is such that

tr(T) # 0, we have
1

o duc(@)@: 1))

We are now ready to provide a suitable expression for the quantity tr(A ), which—in
the special case where the bounded operator A is selfadjoint, and the trace class operator / is
positive and of unit trace—can be regarded as a quantum-mechanical expectation value. From
relations (204), (205) and (207) it follows immediately that

|tr(P)| =

fG duc(g)p@)‘ : (214)

w(Ap) = / 416 (2) /G duc(g) fG dua(@)vi.g (8 xR g, g)p(d)
G

=/Gduc(g)/Gduc(g)/C;dua(g’)yf,ﬁ(g,g)x?(ﬁ;g, g)r(g). (215)

Of course, analogous formulae involving the more general type of integral kernel y; g(-, -)
defined above hold too. Moreover, in the special case where T e B (H), with tr(f") # 0,
formula (213) implies

w(Ap) = r(T)! / diG(2) /G dc(g) x5 (A 5. 9)o()
G

=u(T*)™! / dp(g) fG dua(@)xf(A: g.g)p(g) = t(pA). (216)
G

In conclusion, having in mind applications to quantum mechanics, within the framework
outlined in the present section we have the following picture. With states (density operators)
are associated functions—the frame transforms of the density operators—belonging to the
rk.H.s. Ran(®;), which is endowed with a star product that reproduces the product of the
H*-algebra B, (H). On the other hand, with observables are associated suitable (left and right)
integral kernels. The quantum-mechanical expectation values are given by integral formulae
involving the frame transforms associated with states and the integral kernels. Note that in
this picture the norm of a quantum observable can be defined ‘intrinsically’. Indeed, for every
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bounded selfadjoint operator A in H, recalling definition (42) and relation (44), and using the
fact that L ; is a bounded selfadjoint operator in B, (H), we have

Al = lIL4l
= sup ||B||522(H)|(B,AB)BZ(H)| (L gselfadjoint)
0£BeBy(H)
= sup [Pl /duc(g)/ dua(g)x5(A; g. g (g)* ®(g)| . (217)
0#PeRan(®D ;) G G

Moreover, taking into account relation (56), we find out that in formula (217) one can relax
the condition that & € Ran(®;); i.e.

1A= s 1@l | [ ducto) [ duato)rbdig. )@ @)
0£deL2(G) G G
= [ x5(A; - 9. (218)
Of course, using the fact that 1A = IR4]l, one obtains a completely analogous relation

involving the right integral kernel X?(A; o).

Therefore, we can identify the Jordan—Lie algebra of bounded selfadjoint operators in H
with the vector space of the associated left integral kernels endowed with the norm defined
by formula (218), and with the Jordan product and the Lie bracket defined by (compare with
formulae (60) and (61), respectively)

" " / " 1 " / n /7
x5(A1oArg.g" = 5/ dua(@) (x5 (A1 g 9 x5 (A g.g")
G

+x5(A2 g, @ x5(A1s g, 9") = x5(A1 - 2) 0 xf(Ag; -, 0), (219)

L n n ron 1 L/A ’ L, g "
1 (AL As) g 9" = < | dra(@) (X7 (A g’ 9)x; (A2 9.9
G

— x5k (A2 g @ x5 (A1 g. g") =t {x5(A1: -, ). xF(Ags -, )}, (220)

for any couple of bounded selfadjoint operators A;, A, € B(H). It is clear that a similar
identification holds for the (suitably equipped) vector space of right integral kernels.

Assume now that the analyzing operator T e By (H) is selfadjoint. Observe that, in this
case, the image through ®; of the set P(H) of pure states (rank-one projectors) in the Hilbert
space H is characterized as a subset of Ran(® ;) in the following way:

D:(P(H)) ={¥ e Ran(D4): ¥ = V°, W x ¥ = U, tr(V) = 1}, (221)

where
() = /G due(g) /G duc (@7 (8. OV(Q). (222)

Indeed—recalling remark 9, and formulae (202) and (207)—the image through the isometry
®; of the set of orthogonal projectors in H is characterized by the couple of conditions

U=y Vs =W, (223)
At this point, the third condition—tr(W) = l—ensures that ;W is a trace class operator
(note that ;W is positive and recall condition (208)), i.e. a finite-rank projector, and in
particular a rank one projector. This characterization of the set ®;(P(H)) allows us to obtain
an alternative expression of the norm of an observable in terms of its left and right integral
kernels. In fact, for every bounded selfadjoint operator A in H, we have that

IAll= sup [y, Ay)| = sup [t(AP)]. (224)
veH:|v|=1 PeP(H)
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Therefore, if the analyzing operator T € B,(H) is selfadjoint, in terms of the left integral
kernel XTE(A; -, +), the norm of the operator A has the following alternative expression:

IAll =Supr duc(g)/Gdua(g)faduc(g/)w,xz(g,g)x;(&g,g’)\lf(g/)
G
W eRan(®D), ¥ = V°, UV =, tr(V) = 1} = | xf(As -, 9. (225)

Clearly, an analogous expression involving the right integral kernel X?(/i; +, +) holds too.

We leave to the reader the simple exercise of deriving how the natural symmetry action
of the group G on bounded operators in H is represented in the vector spaces of the associated
left and right integral kernels.

8. A remarkable example

In this section we will focus on the case where the group G is the additive group R x R (the
group of translations on the 1 + 1-dimensional phase space; the generalization to the n + n-
dimensional case is straightforward) and the square integrable projective representation U is the
Weyl system (137). We will denote a generic element of G = R x R as a complex variable—
7z = g +ip—and a generic element of the direct product group G = (R x R) x (R x R),
accordingly, as z = (z;, z,). As in section 7, the diagonal element (z, z) of G will be denoted

by 7. We recall that the Haar measure ue on G = R x R, normalized in agreement with U,
is given by diug(z) = (2m)~'dz = (27)~'dgdp; hence, the Haar measure i on G is given
by dug(z) = Q) 2dz = (271)‘2dz1 dz,. At this point, as a consequence of theorem 2, we
have that for every normalized nonzero Hilbert-Schmidt operator 7' in L>(R) the family of
operators

{T(2) =U@NTU(22)* =U(2)T)seq (226)

is a normalized tight frame in B, (L*(R)), based on (G, ue). This frame allows us to define
the isometry

DB, = B (L*(R) - £2 =L1L*G) (227)
by setting
D;A)(z) = (T(2), A)s,, VA e, (228)

The range of the isometry @ is a proper subspace of £ and a r.k.H.s. (embedded in £2),
with reproducing kernel

xi (2, 2) = (T(2), T(2)m,; (229)
taking into account the fact that U (z)* = U (—z), we have
xp(z,2) = tr(U (2,)T*U (=2 DU E)TU(=3,))

Loks o omwy 1oz o sx IS B A
= erGH—a) e=1 @R (U (z, — 2)T*U (2 — 1)*T)

= exp (3312 — 215 — 8% + %)) @Dz - 2), (230)
with z = (z,,2,),2 = (£,,Z,). Moreover, the isometry ®; intertwines the unitary
representation U V U: G =R x R — U(®B,),

UvU@A=U@AU(-2),U(-2) = U(@2)", (231)
with the unitary representation Ly: G — U (£?) defined by
Ly@ ) =Mz 2 f(z—2), ¥ [fel (232)
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where _
1 . . .
M(z; z) ;= exp (E(q(pz —p1) — pq2 — ql))) , Z=q+ip, z=(q +ip1,q2+ip2).
(233)

Of course all the formulae obtained in section 7 apply to this case; we will present some
detailed calculations and examples elsewhere. We want now to highlight, briefly, the relation
between our results and the fundamental seminal papers [18] of Cahill and Glauber on quasi-
distributions. In the cited papers, Cahill and Glauber (with aims partially distinct from ours)
introduced and studied a family of normal operators with spectral decomposition

. 2 K s+1Y)"
T, ,:1_SZ(S_1> [n)(nl, seC,s #1, (234)

n=|

where {|n)},—0,1,... are the standard eigenfunctions of the harmonic oscillator Hamiltonian.
From the first of the papers [18] we learn, in particular, the following (easily verifiable) facts®.

e For Re(s) < 0, the operator fs is bounded and

171l =

; (235)
1—s

moreover, 7% =T _..
e For Re(s) < 0, the operator T, belongs to the Banach space B;(L*(R)) (hence, in
particular, to the Hilbert space B, = B,(L*(R))), and

" 2
Tl —=s|—1+s|

2 [o¢]
fv =1 fvg =
1711y == (7)) |1_s|Z

s+1
ot s—1
1

(236)

~

I Tslla := (T, T (237)

S8 = —F=—

© o VIRe(s)]
thus, ||-]|; and || - ||, are the trace class and Hilbert—Schmidt norms, respectively; moreover,
tr(T,) = 1; (Re(s) < 0). (238)

e For Re(s) = 0, the operator T, belongs to the set (B(L*(R))~B,).
e For Re(s) > 0, s # 1, the operator 7' is unbounded.

Cahill and Glauber proposed the following (in general, formal) decomposition of a
Hilbert—Schmidt operator (‘bounded’, in their terminology) A € B;:
N . d
A= [ a@fog. (239)
G 2

where T(z) := U(z)T,U(—z),s # 1, and
A_s(z) :=tr(T _;(2) A). (240)

In particular, one can show that, for s = 0, formula (240)—with the trace suitably interpreted
as in section 5—defines the Wigner distribution (note that I1 = %TO is the parity operator

in L2(R): (ITf)(x) = f(—x)). In general, the mathematically rigorous interpretation of the
decomposition formula (239) is problematic since, for Re(s) # 0, it involves unbounded
operators, either in the formula itself, or in the definition of the quasi-distribution A_;

8 ‘We warn the reader that in the mentioned paper the terminology for indicating the bounded, Hilbert—Schmidt and
trace class operators, as well as the choice of the symbols for the associated norms, is somewhat unusual.
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(i.e. the pair (fS, f"_s) contains an unbounded operator, for Re(s) # 0). Note, moreover, that
for s = 1 the decomposition is not defined at all (the operator Tl is not defined); therefore, with
the Husimi—Kano quasi-distribution A_; (see [18, 40, 41, 51))—A_1(z) := (z|A|z), where
{lz) = U(2)|0)};cc is the family of coherent states of the quantum harmonic oscillator—is
not associated any (even formal) reconstruction formula.

In our framework, taking into account relation (237), with every Hilbert—Schmidt operator
T ,—with Re(s) < 0—one can associate a normalized tight frame

{(VIRe®)IT(2)}zea, where  T,(2) 1= Uz)T,U(=2,), 2 = (2, 2,), (241)
(thus Ts(z) = T, (E)), in the Hilbert space 8,, based on (G, ). Besides, we have the
decomposition formula
Re(s)|2
(2m)?

A= / A (2)T(2)dz, A € B, (242)
G

where

As(2) = /IRe()|(T(2), A) s,

= VIRe()| tr(T(2)* A) = V/IRe(s)| tr(T+ (%) A), 2= (2,7 (243)

Therefore, for every s € C such that Re(s) < 0, we have that

As(2) = VIRe(9)|As (2). (244)
and, if A is a trace class operator,

f 4,(2)dz = VIRe()] tr(A), / A2) dz = tr(A), (245)

G G

where we have used formula (213) and the fact that tr(f"j) = 1. For s = —1, we have that
T _1 =10){0]; hence
T 1(2) = 12)(z], A_1(2) = (z,14]z,), A1) = A_i(2) = (z|Alz),  (246)
N 1 o
A - W/;(Zl|A|Z2>|Z1)(Z2|dZ1dZ2. (247)

Thus, the Husimi—Kano quasi-distribution A_; can be regarded as the ‘restriction to the
diagonal’ of the function A_;, and formula (247) is the ‘non-diagonal coherent state
representation of an operator’ (see [48]). Moreover, for every bounded operator BeB (L2(R)),
we have the following double integral decomposition (see relation (116) and remark 6)

A 1 o
B:W/;;dzlLdZQ<Z]|B|22)|Zl><Z2|' (248)

9. Conclusions and perspectives

In the present paper, we have reconsidered some fundamental aspects of the quantization—
dequantization theory in the light of the mathematical notion of frame. We have shown
(see section 2) that—in addition to the standard formulae that play a fundamental role in
(generalized) wavelet analysis—by considering frames of Hilbert—Schmidt operators one is
able to obtain a remarkable representation of a quantum system. It turns out that szates (density
operators) are naturally represented by ‘phase space functions’ belonging to a r.k.H.s. which is
endowed with a ‘star product’; while observables are represented by (left and right) ‘integral
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kernels’ forming vector spaces endowed with a structure of Jordan—Lie algebra. Quantum-
mechanical expectation values are given by simple integral formulae. We have then shown
(see sections 3-5) that the classical Weyl-Wigner approach to quantization—dequantization,
although not directly related to the notion of frame, relies on the notion of square integrable
projective representation. Using this mathematical tool one can introduce (see section 6) a
class of tight frames of Hilbert—Schmidt operators. A frame of this kind is generated by a
square integrable representation of a group that can be regarded as the ‘symmetry group’ of
a quantum system, and by an ‘analyzing operator’, whose choice can be adapted to specific
applications or requirements (as it happens in wavelet analysis). Such a frame allows us
to achieve a remarkable implementation (see section 7) of the abstract scheme outlined in
section 2. In the case where the square integrable representation is the Weyl system, there
is a link between our approach and the formalism of ‘s-parametrized quasi-distributions’
introduced by Cahill and Glauber (see section 8), a link that on our opinion will deserve
further exploration. It is worth noticing that the s-parametrized quasi-distribution associated
with a density operator is—for Re(s) > 0—in general, a distribution (in the mathematical
sense, i.e. a functional) rather than an ordinary function; this aspect has been extensively
investigated in the literature in particular for the Glauber—Sudarshan ‘P quasi-distribution’
(corresponding to the case where s = 1), see [23, 48] and references therein. On the contrary,
in our framework, with both states and observables are associated ordinary functions: square
integrable functions and integral kernels, respectively. This is coherent with the distinct roles
that these physical entities play in quantum theory.

We plan to develop the basic results established in the present contribution in several
directions. In particular, we will mention the representation—in our framework—of specific
quantum systems and of ‘super-operators’ (that play a fundamental role in the theory of open
quantum systems), and the study of the classical limit of quantum mechanics. Finally, we note
that our approach and results may turn to be relevant for the important issue of informational
completeness (see [52, 53] and references therein) in quantum mechanics.
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